2.3. Ekvivalens atfogalmazas

DEFINICIO: Legyen f € R — R,a € int Dy és A, f: Df \ {a} — R (differenciahanyados

fiiggvény), ahol A, f(z) = Jw (a # x € Dy).

TETEL: Legyen f € R — R,a € intDy. f € D{a} & Mim A, f € R és f'(a) = HmA, f.

BI1ZONYITAS:

= Tegyiik fel, hogy f € D{a}. Igy
f(@) = fla) = f(a)(z — a) + n(z)(z —a) (z €Dy),
ahol liamn = 0. Ezért
Aof(x) = f'(a) =n(x) (a#xeDy),

Amibdl lim 7 = 0 miatt lim (Auf — f(a) =0= lim A, f = f'(a).

< Forditva, most azt tegytik fel, hogy 3 A := lign A,f € R, és legyen
() = Auf(x) = A (a #x€Dy),
gy Flimny = lim (A f — A) =0 &
f(x) = fla) = (z — a)Adf(x) = A(z —a) + n(z)(z —a) (a#z€Dy)
Tehat f € D{a} és f'(a) = A= limA,f €R. O

2.4. Differencialhatésag és folytonossag kapcsolata

TETEL: Legyen f € R -+ R,a € int Dy. Ha f € D{a} = f € C{a}.

BIZONYITAS:
f(z) = f(a) = f'(a) (x —a) +n(z) (x —a) (x € Dy) = f(x) — fla) = 0(x — a), azaz
lim f = f(a) = f € C{a}. O

3. Differencialhaté fiiggvények miiveletei

TETEL: Tegytk fel, hogy f,g € R = R, a € int(D; N D,), f,g € D{a}. Ekkor

1. f+ge Dia}, & (f +9)'(a) = f'(a) + ¢'(a),
2. VeeR:cf € D{a}, és (c¢f)'(a) = cf'(a),
3. g€ Dia}, & (f-9)(a) = f'(a) - g(a) + f(a) - ¢'(a),

4. ha g(a) # 0, akkor f/g € D{a}, es()() f'(a) - gla




BIZONYITAS:

1.
lim A,(f +g) = lim (f + g)(x; - éf +9)(a) _ lim f(z) + 9(12 - i(a) —g(a) _
~ lim (f(xx) - Z:(a) . g(xx) - CgL(a)> = lim (Ao f + Agg) =
=lim A, f +lim Aug = f'(a) + g'(a).
2.
lim Aylcef) = lim (Cf)(:l;) : ((ICf)(a) = c- lim f(x; : g(@ =c-limA,f =c- f'(a).
3.
a5 ) = iy SO = U0 _ Fale) — o) _

o 9@ (@) = F(@) + (@) (g@) — g(a)

= lim (Q(x)f(x)_f(a) + f(a)w> =1lim (- Aof + f(a) - Aug) =

r—a r—a

— (lm g)(lim A f) + f(a)(lim Aug) = £'(a) - g(a) + (@) - ¢ (a).
(Mivel g € D{a} = g € C{a} = limg = g(a)).

4.
ipae (£) -1 S (=5 o)
— (g(:c)%g(a) ' (f(x;:i‘(a) gla) = Wym))) B
g (ot (0 80s0) = 02, ) =
- (hCan g(x;g(a))-(g(a).hgn Aof=f(a)lim Aag) _ o) -g(aégza])‘(a) EACIN



